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Abstract. The main obstruction for constructing holomorphic reproducing kernels 
of Cauchy type on weakly pseudoconvex domains is the Kohn-Nircnberg phenome- 
non, i.e., nonexistence of supporting functions and local nonconvexifiability. In this 
paper we give an explicit verifiable characterization of weakly pseudoconvex but lo- 
cally nonconvexifiable hypersurfaces of finite type in dimension two. It is expressed in 
terms of a generalized model, which captures local geometry of the hypersurface both 
in the complex tangential and nontangential directions. As an application we obtain 
a new class of nonconvexifiable pseudoconvex hypersurfaces with convex models. 



1. Introduction 

Although local convexity of the boundary of a weakly pseudoconvex domain is not 
a biholomorphic invariant, it is often used as an assumption which provides useful 
tools to study biholomorphically invariant objects (see e.g. [3], [B], [IS])- The natural 
invariant condition for results of this kind is then just that the domain be locally 
biholomorphic to a convex domain. We consider here the problem of finding an explicit 
characterization of such domains. 

Let D C C n be a domain with smooth boundary M and p be a point on M. Let ifi 
be a local defining function in a neighbourhood U of p. Recall that D is pseudoconvex 
in U if for all q G M D U the Levi form 

i,j=l ■> 

is nonnegative on the complex tangent space to M at q, i.e. on complex vectors 
C = (Ci) C2, • • • Cn) satisfying Ym=i §^(o)Ci = 0- When D is strictly pseudoconvex (the 
Levi form is positive definite at each point), fundamental results of Henkin and Ramirez 
provide a holomorphic reproducing kernel, a direct analog of Cauchy's integral kernel 
from one variable. The construction is based on holomorphic supporting functions 
h q (z), defined in a neighbourhood of each q 6 M, whose zero set intersects D only at 
q. The reciprocal of a supporting function is the analog of the fundamental function 
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— !— from one complex variable. The existence of such functions is a consequence of 
the following stronger result, known as Narasimhan's lemma. 

Theorem 1.1 (Narasimhan). Let D C C n be a smoothly bounded domain, which is 
strictly pseudoconvex in a neighbourhood of a boundary point p. Then there exist local 
holomorphic coordinates around p in which dD is strictly convex. 

In 1973, Kohn and Nirenberg found an example which shows that local convexifia- 
bility does not in general extend to weakly pseudoconvex domains. It disproved the 
popular conjecture that pseudo convexity is equivalent to local convexifiability. Their 
example is the domain 

15 

D = {(z,w) E C 2 | Im w > \z\ 8 + -j\z\ 2 Rez 6 } 

which does not admit a holomorphic supporting function at the origin, and therefore is 
not convexifiable. As a consequence, in connection with the efforts to extend Henkin's 
construction to (at least some) weakly pseudoconvex domains, it became an important 
problem to characterize domains for which this phenomenon occurs. 

Local convexifiability of finite type domains turns out to be much stronger than 
mere existence of supporting functions in all neighbouring points. The problem of 
explicit characterization of locally convexifiable domains in complex dimension two was 
considered in [10] and [UJ, with a satisfactory answer on the level of model domains. 
The results are based on exact conditions computed for analogs of the Kohn-Nirenberg 
example (see Proposition C below). They do not take into account behavior of the 
defining function in the complex non-tangential direction. Moreover, convexifiability 
of the model domain is necessary, but not sufficient for convexifiability of the domain 
itself. Hence the possibility of other obstructions to convexifiability remained open. 

Our aim in this paper is to complete the results of [10], [H] . by introducing a 
generalized model domain which (up to a borderline case) carries the information 
about local convexifiability of the domain itself. In this way, the problem which apriori 
requires to consider the whole infinite dimensional group of local biholomorphisms is 
reduced to a simple finite dimensional problem, which is often solved by an application 
of the explicit results of [TO] ■ 

As an application, we find a new class of nonconvexifiable domains. While all 
previous examples are on the level of model domains, we describe nonconvexifiable 
pseudoconvex domains whose model domains at each point are convex. 

In Section 2 we use weighted coordinates to introduce the generalized model domain. 
The construction is similar to Catlin's definition of multitype in C n (see [TJ), where only 
complex tangential variables are considered. The weight of the complex nontangential 
direction provides a local biholomorphic invariant with rational values. Section 3 gives 
two complementary conditions characterizing local convexifiability. The proof of the 
sufficient condition relies on weighted homogeneity of the generalized model. The 
main tool in proving the necessary condition is the technique used in [3] for analyzing 
biholomorphic transformations in weighted coordinates. Section 4 reviews the explicit 
conditions for local convexifiabity derived in [10] , |llj . In Section 5 we describe a 
new class of examples of nonconvexifiable domains which have convex models at each 
point. 
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2. Generalized model domains 

We will consider a pseudoconvex domain DCC 2 with smooth boundary M, and a 
point p G M of finite type k, where k > 2. Recall that the type of a point measures 
the maximal order of contact of M with complex curves passing through p. Strongly 
pseudoconvex points are points of type two. It follows from pseudo convexity that k is 
an even integer. 

We will use local holomorphic coordinates (z, w), z = x + iy, w = u + iv, centered 
at p, such that the positive v-axis gives the inner normal direction to D at p and write 
the defining equation for M as 

v = F(z, z, u) . 

It follows directly from the definition of finite type (see [7j) that we can choose the 
coordinates so that the equation takes form 

(2.1) v=P 1 (z,z) + o(\z\ k ,u), 

where Pi is a real valued homogeneous polynomial of degree k 

(2.2) Pi(z,z) = a \z\ k + \A k ~ j Re{ajZ j ) 

j=2,...,k 

for some Oj G C and ao G M + . The hypersurface 

(2.3) M D = {(z,w) G C 2 | v = Pi{z,z)} 

is called a model hypersurface to M at p. It is determined uniquely up to a linear 
change of variables and addition of a harmonic term Re az k (see e.g. |llj). 

Definition 2.1. M is called locally convexifiable at p if there exist local holomorphic 
coordinates in a full neighbourhood of p such that M is convex with respect to the 
underlying linear space. 

The polynomial Pi in (2.1) captures local behavior of M in the complex tangential 
direction. In order to study convexifiability of M near p we wish to take into account 
also behavior in complex nontangential directions, involving the variable u. A natu- 
ral tool for this is provided by weighted coordinates. We will assign weights to the 
coordinates z, w and u. 

Definition 2.2. A weight vector is a pair of rational numbers A = (Ai,A2) such 
that Ai = - for some n G N and there exist integers k\,k2, with &2 > such that 
kiXi + k 2 X 2 = 1. 

The weight of monomials CijkZ l z^u k and dijz l w k is defined to be (i + j)Xi + k\ 2 and 
iX\ + kX 2 , respectively. A real valued polynomial Q(z, z, u) is A-homogeneous of weight 
7 if it is a sum of monomials of weight 7, and similarly for a holomorphic polynomial 
P(z, w). The weight of a function Q(z, w) is the lowest of the weights of the nonzero 
terms in its Taylor expansion at the origin (when working in weighted coordinates it 
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is helpful to use the two dimensional lattice Z + ©Z + , where a monomial z a z b u c in the 
Taylor expansion of F is assigned the lattice point (a + b, c)). 

Given the point p G M, we first assign weight to the variable z, equal to the 
reciprocal of the type of the point, Ai = |. The weight of w and u will be denoted 
by /it, and is determined as follows. We will call a weight vector A = (t, A2) allowable, 
if there exist local holomorphic coordinates such that the defining equation can be 
written in the form 

v = P(z,z,u) + o wt (l) , 

where 

m 

P(z,z,u) = J2a mj iz j z m ' j u l 

f +\ 2 l=l j=0 

is a A-homogeneous polynomial of weight one, and o wt (l) denotes terms of weight 
bigger than one with respect to the weight vector (|, A2). 

Clearly, for any real S > there are only finitely many rational numbers A2 bigger 
than 5 such that (^, A 2 ) is a weight. When the set of allowable values for A 2 is finite, 
we set n to be the smallest of them. If the set is not bounded away from zero, we 
set ij = 0. Using the change of variables formula (3.3) below, it is straightforward to 
determine the value of /i. 

When jj, > 0, we fix local holomorphic coordinates (z, w) which correspond to the 
weight A = Hence the defining equation has form 

m 

(2.4) v= ^a m ^ m - J V + o wt (l), 

where, as before, the leading term will be denoted by P(z,z,u). The hypersurface 
given by 

v = P(z, z, u) 

will be called a generalized model to M at p. If fi — 0, a generalized model is defined 
to be 

v = Pi(z,z) , 

hence in this case it coincides with the standard model hypersurface. 

3. Characterizations of convexifiability 

Let Hfc iAt denote the set of all real valued A-homogeneous polynomials in z, u of 
weight one which are harmonic in the z variable. Clearly, h(z, u) G HL^ if and only if 

h(z,u) = Re( Ci m z m u l ) 

for some a m G C. 
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For (z,m) eCxl and ( G C we will use the following notation for the value of the 
real Hessian restricted to the z-direction: 

i,j=l 1 3 

where z = X\ + ix 2 and C = £i + ^£2- Since P is weighted homogeneous, positivity of 
D 2 P is determined by its restriction to the set S 2 x Si, where S 2 = {(z,u) GCxI: 
\z\z + u 2 = 1} and 5i = {C G C : |C| = !}• 
Our aim is to prove the following pair of conditions for convexifiability of M. 

Proposition A. If there exists h G H fc;jU such that D 2 (P + h) > on S 2 x Si, then 
M is locally convexifiable. 

Proof. Let h G H fe)(U be such a function and let P — P + h. Considering first the 
condition on the u-axis, it follows from the assumption that -(1 — |) is an even integer 

and that P contains a term Iz] 2 ^^ 1 '^ with a positive coefficient. By homogeneity, 
we have 

(3.1) D 2 z P(z : u-X)>e(\z\ k - 2 + \u\^ 1 -^)\C\ 2 

for a sufficiently small e > 0. Consider the change of coordinates 

w* = w + iw 2 , z* = z, 

and denote v* = F*(z*, z*, u*) the defining equation in the new coordinates. We get 

F*(z, z : u- 2uF(z, z, u)) = F(z, z, u) + u 2 - (F(z, z, u)) 2 . 
Comparing terms of weight < 1 on both sides we obtain 

F*(z*, z\ u*) = P(z*, z*, v?) + (u*) 2 + o wt {\) . 

We will show that F* is a convex function in a neighbourhood of the origin. Denote 
P*(z, z, u) = P(z, z, u) + u 2 (dropping stars on variables) and consider its 3 x 3 Hessian 
matrix with respect to the variables x, y, u. The 2x2 submatrix of the Hessian formed 
by the derivatives with respect to x and y satisfies (3.1), hence is positive semidefinite. 
It remains to prove that the determinant of the Hessian is also nonnegative in a 
neighbourhood of the origin. We calculate the weights of the terms entering into the 
determinant. On the one hand, wt(P* u P* x P* y ) = wt(P* u P* y P* x ) = 2 - f . On the 
other hand, wt((P* u ) 2 P* y ) = 3 - 2/i - | and the same for all the remaining terms. 
Since k > 2 and fi < |, we have 3 — 2/i— | > 2 — |. By (3.1), the determinant is 
nonnegative in a neighbourhood of the origin. 

□ 



Proposition B. If M is locally convexifiable, then there exists h G M.^ such that 
D 2 z (P + h)>0 on S 2 x Sl 

Proof. We will assume that D 2 (P + h) is not nonnegative on S 2 x Si for any h G H^, 
and show that M cannot be locally convex in any other coordinates. If fj, — 0, the 
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claim follows from Lemma 3 in [TT], so we assume fx > 0. Consider a holomorphic 
transformation 

z* = z + g(z, w) 
w* = w + f(z, w) . 

We may restrict ourselves to transformations which preserves the above description 
of M, so v* = is tangent to M at the origin and the positive i>*-axis points inside. 
Let F* be the function describing M in new coordinates. Substituting (3.2) into 
v* = F*(z*, z*, it*) , we get the change of variables formula relating F* and F, f, g, 

(3-3) 

F*(z + g(z, u + iF(z, z, it)), z + g(z, u + iF(z, z, it)), w + i?e /(^, w + zF(z, z, u)) = 
= F(z, z, u) + Im f(z, u + Re f(z, u + iF(z, z, u)). 

Without any loss of generality we assume that the linear part of the transformation is 
partly normalized and together require that 

/ = 0, g = 0, f z = 0, g z = f w = at z = w = 0. 

Germs of transformations which satisfy this condition form a group, which will be 
denoted by Q. 

We will call g(z, w) in (3.2) strictly superhomogeneous if wt(g) > wt(z) = ^. By Q 1 
we will denote the subgroup of Q formed by germs of transformations (3.2) for which 
g is strictly superhomogeneous. 

Next we show that every G G Q can be factored uniquely as G = r o S, where r e Q\ 
and S is a polynomial transformation of the form 

3=1 

U)** = w * . 

Indeed, write G e Q as 

oo oo 

z* = z + ctjW^ + (3ijZ % w^ 

j=l i=lj=0 

oo oo 

w* = w + ejivi + r )ijZ l w ; i 

j=2 i=lj=0 

and compose it with a transformation 5* of the form (3.4). We claim there exist 
uniquely determined numbers 5j such that GoS G Q\. In order to see this, denote the 
composition by 

z =z + g (z,w), w =w + j (z,w), 



(3.2) 



(3.4) 
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where 

OO OO Lfcfi J OO CO 

g**(z, w) = J2 a i wj + Y + Y 5m ^ w + Y e i wj + Y lij ziwj ) m 

3=1 i=lJ=Q rn=l j=2 i,j=0 

OO OO 

f**(z, w) = Y e i^ J + Y "tijZ 1 ™ 3 ■ 

3=1 i=l,j=0 

There is a unique way to choose the coefficients Sj so that g** is strictly superho- 
mogeneous, namely 5\ = —a±, 82 = —0.2 — #162, and so on up to index [^]. Since the 
inverse of S is of the same form as S, we obtain the claimed decomposition. 

Now consider the transformation by a representant of a fixed element Gq G Q and 
use the above decomposition, Gq = To o Sq. Let To be of the form (3.2) and consider 
(3.3) for terms of weight less or equal to one. 

Now we consider two cases. When / contains only terms of weight greater or equal 
to one, then r preserves form (2.4), merely adding harmonic terms to P. So it's 
enough to consider the effect of So, given by 



Z* = Z + ^ 8jW j , 

J'=l 

w* = w . 

By assumption, there exists a smooth curve 7 through the origin in C x 1 and a 
vector Co 7^ such that in a neighbourhood of p 

(3.6) ^P^^^^-ed^l^ + M^-^lCol 2 

for (z, u) e 7 and a sufficiently small e > 0. Consider terms of degree less or equal 
to s + 2 in F, where s = (1 — |)-. They will be denoted by T(z,z,u), so F = 

T(z, z, u) + o(s + 2). Here the ordinary (nonweighted) degree is used, o(s + 2) denoting 
terms of degree greater than s + 2. T contains all terms which after applying S can 
influence terms of weight less or equal to one in F*. The estimate (3.6) holds also for 
D^T, perhaps with a smaller e and a smaller neighbourhood of p. After applying So 
(and dropping stars on variables) we consider terms of weight less or equal to one in 
F*, and denote them by Q*. By (3.3) we obtain, modulo terms o wt (l), 

Q*(z, z, u) = T(z + J2 S m u m , z + Y ^mu m , u). 

m=l m=l 

This transformation only shifts lines parallel to the z-axis, and has no effect on con- 
vexity in the z direction. Hence, denoting by 7* the image of 7, we have 

(3.7) DlQ%z,u- Co) < -e'(\z\ k ~ 2 + \u\^)\Co\ 2 

on 7* in a sufficiently small neighbourhood of the origin and e' > sufficiently small. 
By homogeneity, it follows that F* cannot be locally convex. 



(3.5) 
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Now consider the second case, when / contains terms of weight strictly less then one. 
Then the leading weighted homogeneous term of F*, which we denote P, is harmonic 
in z. Let a m oiz m u l be the nonzero monomial in this leading term with the lowest power 
of u, which dominates D 2 P along the z plane. Denote by v — ? + fil its weight, and 
let k' = vk. By harmonicity, there is a smooth curve 7 in C x R and 7^ 0, such that 
in a neighbourhood of p 
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(3.8) D 2 z P(z,u;( ) < - € '(\ Z \ k '- 2 + \u\^))\C \ 

for (z, u) G 7 and a sufficiently small e' > 0. After applying So, we use the same 
argument as in the first case. Consider terms of degree less or equal to s + 2 in F 



where s = (1 — p-)~, and denote them by T*. Again, the same estimate holds for D 2 Z T* 

as for D 2 Z P. After applying So, we consider terms of weight less or equal to v in F**, 
denoted by Q**. By (3.3) we obtain, modulo terms o w t(v) 

fe] [^7] 
Q**(z, z, u) = T*(z + Sju\ z + Sju^ , u). 

j=l 3=1 

On the image of 7, (3.8) holds for Q**. By homogeneity, it follows that F** cannot be 
locally convex. 

□ 

4. CONVEXIFIABILITY AND BASIC INVARIANTS 

For applications of Propositions A and B we will need the explicit results obtained 
in [10]. For two even integers k, I and a positive real number a denote 

M k J = {(z,w) G C 2 I Imw = P% l {z)} , 

where 

Pl\z,z) = \z\ k + a\z\ k - l Rez l . 



The Kohn-Nirenberg example is a hypersurface of this type, with k = 8, I — 6 and 
a = f. 

Proposition C. M k,t is convex if and only if a < 7^, where 

k 



P-k 
%fl 2 >3k-2 and 



(4fc - p - 4)jfe2 



(4A;-4)(fc 2 - P) 

if P < 3k — 2. Moreover, if I is not a divisor of k, then this condition is equivalent to 
convexifiability of M k ' 1 . 

Now we consider the general case, when the hypersurface is given by 

(4.1) v = P l {z,z) + o{\z\ k ,u), 
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where Pi(z, z) is a polynomial of the form (2.2). For such domains we define the basic 
invariants. 

Definition 4.1. Let the model hypersurface to M at p be given by (2.3), and let I be 
an even integer, < / < k. We will call the real number K\ = ^ the Kohn-Nirenberg 
invariant of order I. 

The numbers Ki can be viewed as the 3-rd level local biholomorphic invariants, 
following the signature of the Levi form and the type of the point. The constant y in 
the definition of Do is an invariant of order six. 

In the general case we have a sufficient and a necessary condition for local convexi- 
fiability ([10], [IT]). 

Theorem 4.2. Let the model at p E M be given by (2.3). If 

j=2,4,...,k-2 

then M is locally convexifiable at p. 

Theorem 4.3. Let the model at p E M be given by (2.3). If M is locally convexifiable 
at p, then 

(i) Kj < for all j > | 
and 

(ii) Kj < 2j jk for all j < |. 

5. Examples of nonconvexifiable domains with convex models 

Using Propositions B and C we can find pseudoconvex domains which are not con- 
vexifiable, although their model domains at each point are convex. 

As an example, consider a hypersurface M given by v = F(z,z,u), where 

F(z, z, u) = Pi(z, z) + Q(z, z)u s + o wt (l), 

and Q is a nonzero homogenous polynomial of degree m < k without harmonic terms 
(both m and s are even). It is easy to verify that in this case \x = - — p and 
P(z,z,u) = Pi(z,z) + Q(z,z)u s is homogeneous of weight one with respect to the 
weight vector (1, 1 - a). 

Since D 2 Z of Q(z, z)u s dominates D\ of P along the u axis, we get from Proposition 
B the following condition. If M is convexifiable, then there exist a, (3 E C such that 
Pi(z, z) + Re az k and Q(z, z) + Re f3z m are convex . Let us remark that for verifying 
this one can use the simpler complex form of the convexity condition - a function 
f(z,z) is convex if and only if 

\fzz\ 5: fzz- 

More explicitely, for a > denote P®' 4 (z,z) = \zf + a\z\ 2 Re z 4 and consider the 
hypersurface M a defined by 

v=\z\ 8 + P^(z,z)u 2 + \z\ 2 u 8 . 

Using (3.3) we verify that ^ = \ = \- The generalized model is given by v = P(z, z, u), 
where 

P{z,z,u) = \z\ 8 + (\z\ 6 + a\z\ 2 Rez 4 )u 2 . 
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To obtain the pseudo convexity condition for M a in terms of F, we take r = F — v as 
the defining function and use the coordinate expression of the Levi form, 

\Tw\ 1 zz \ fz\ T'ww 'ZRcij' zwl" zf'w) i 

which gives 

£ = F z - Z (l + \F U \ 2 ) + F UU \F Z \ 2 + 2ReF zu {F u + i)F- z . 

Hence 

c = Jaf + 0wt (l - |) . 

It follows that M a is pseudoconvex if AP^' 4 > away from the origin, which leads 
to a < |. In this case I 2 = 3k — 2 in Proposition C, which implies that M a is not 
convexifiable if a > |. Hence for | < a < | the hypersurface M a is pseudoconvex and 
nonconvexifiable. On the other hand, the model at zero is the convex domain v = \z\ s , 
and all other points in a neighbourhood of zero are strongly pseudoconvex, hence the 
models are also convex. 
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